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Memory Imperfetions in Atomi Ensemble-based Quantum Repeaters
Jonatan Bohr Brask and Anders Søndberg Sørensen
QUANTOP, The Niels Bohr Institute, University of Copenhagen, 2100 Copenhagen Ø, Denmark
Quantum repeaters promise to deliver long-distane entanglement overoming noise and loss in
realisti quantum hannels. A promising lass of repeaters, based on atomi ensemble quantum
memories and linear optis, follow the proposal by Duan et al [Nature 414, 413, 2001℄. Here we
analyse this protool in terms of a very general model for the quantum memories employed. We
derive analytial expressions for saling of entanglement with memory imperfetions, dark ounts,
loss and distane, and apply our results to two spei quantum memory protools. Our methods
apply to any quantum memory with an interation Hamiltonian at most quadrati in the mode
operators and are in priniple extendible to more reent modiations of the original DLCZ proposal.
PACS numbers: 03.67.A, 03.67.Hk, 42.50.Gy
I. INTRODUCTION
If one attempts to transfer quantum information by di-
ret transmission, the ommuniation rate dereases ex-
ponentially with distane, due to deoherene and loss.
Quantum repeaters ahieve subexponential saling by
generating entanglement loally in parallel for many seg-
ments of a short length L0 and subsequently extend-
ing the distane by entanglement swapping until the full
hannel length L = 2nL0 is reahed [1℄. Quantum memo-
ries play a ruial role in quantum repeaters beause op-
erations take plae on many segments in parallel and the
operations in eah segment may fail with a large probabil-
ity. It is therefore essential to have a quantum memory
where entanglement suessfully generated in one seg-
ment may be stored, while entanglement generation and
onnetion is being attempted in other segments. One
promising repeater protool based on storage of light in
atomi ensembles was proposed by Duan, Lukin, Cira
and Zoller (DLCZ) [2℄ and later improved upon in a
number of papers [3, 4, 5, 6, 7℄. Extensive experimen-
tal progress have been made toward the realisation of
this protool [8, 9, 10, 11℄.
In this paper, we onsider the eet of memory im-
perfetions in a repeater arhiteture losely resembling
the original DLCZ proposal. Using a general model for
memories, we investigate how the repeater performane
depends on the memory properties in the presene of re-
alisti errors, i.e. lossy bres, detetion ineieny and
dark ounts. We then apply the results to spei en-
semble based memories [2, 12, 13℄ and evaluate the per-
formane of quantum repeaters based on these memo-
ries. The methods we develop, though applied here to
the DLCZ arhiteture, ould be extended also to the
more reent protools [3, 4, 5, 6, 7, 14℄.
II. MODELLING THE REPEATER
The repeater that we shall onsider is dened by the
setups for entanglement generation and onnetion, illus-
trated in Fig. 1. Although the use of repeaters is moti-
vated by the presene of errors in transmission, it is easier
to understand the basis of the protool in the absene
of errors. Hene we onsider this ideal ase rst.
To generate entanglement in one segment of the re-
peater, two non-degenerate parametri down onverters
(PDC's) are used. The two-mode squeezed state gener-
ated by a single PDC with small squeezing parameter r
is
1
cosh r
∞∑
k=0
(tanh r)k|k, k〉 ≈ |vac〉+ r|11〉+O(r2), (1)
where |k1, k2〉 denotes a Fok state with photons num-
bers k1 and k2 in modes 1 and 2. A single exitation is
subtrated non-loally from the two squeezed pairs, by
mixing one mode from eah pair on a balaned beam
splitter and onditioning on a single lik (Fig. 1a). In
the ideal ase of noiseless operations and photon number
resolving detetors, this leaves a Bell state to be stored
in the atomi memories
|Ψ+〉 = 1√
2
(|01〉+ |10〉). (2)
To extend the entanglement distane, two neighbouring
segments are onneted by mixing one mode from eah
on a balaned beam splitter and onditioning on a sin-
gle lik (Fig. 1b). After the onnetion, the remaining
modes are again in a Bell state, and thus under ideal
onditions the protool generates a maximally entangled
pair over the distane L.
In Ref. [2℄ it was shown that the type of protool above
works also in the presene of photon loss. By ondition-
ing on a lik one essentially puries the state from losses.
Other errors, however, are not puried in this way. Our
goal here is to make a detailed investigation of the eet
of various types of noise on the eieny of the protool.
The noise soures that we will onsider are: (i) transmis-
sion losses, (ii) detetor dark ounts and (iii) memory
imperfetions.
To model the transmission losses (i), virtual beam
splitters are inserted into the setup as illustrated in
Fig. 1. For simpliity we assume that the memory is
loated lose to the PDC's, suh that the loss in the
2FIG. 1: (a) Entanglement generation. Two PDC's (large
boxes) emit two-mode squeezed states. One mode from eah
pair is stored in an atomi memory (irles), while the re-
maining modes are mixed on a 50/50 beam splitter and mea-
sured. Observation of a single lik leads to entanglement
between the atomi modes. The dashed elements are virtual
beam splitters and PDC's modelling losses and detetor dark
ounts. (b) Entanglement onnetion is ahieved by reading
out the onneting ends of two entangled pairs and mixing
on a 50/50 beam splitter. A single lik heralds suessful
onnetion. For perfet memories, this setup is equivalent to
the DLCZ setup [2℄.
memory arm is small and an be treated perturbatively
as a memory imperfetion. In the detetor arms of the
entanglement generation and onnetion setups, the loss
probabilities are pgen and pcon respetively. Photon loss
due to detetor ineieny an be inluded in the trans-
mission loss.
To model the dark ounts (ii), we assume that the sig-
nal to be measured is mixed with a thermal state, whih
we generate by inserting a virtual PDC (see Fig. 1). We
hoose a thermal distribution for the dark-ounts, be-
ause this is easily treated as a Bogoliubov transforma-
tion (see below). The repeater setup presented here is
only feasible for n¯dc ≪ 1, where n¯dc is the average num-
ber of dark ounts per detetor in one measurement y-
le. Therefore only the rst-order ontribution from dark
ounts is onsidered, and the atual distribution is not
important. The reetion oeients of the virtual beam
splitters are given by the photon loss probabilities, and
the detetor dark ount rate determines the squeezing
parameter in the virtual PDC's (see App. C).
FIG. 2: Given two opies of a single-rail entangled state ρ,
dual-rail entanglement is obtained by mixing and onditioning
on a single lik at eah end. The half-lled irles denote
exitations shared between two modes.
Memory imperfetions (iii) are desribed by the phys-
ial parameters of the partiular quantum memory in-
serted in the setup. However, it is desirable to analyse
the problem using a general desription of the memories.
The inoming and outgoing light elds are onveniently
desribed by harmoni osillator degrees of freedom, and
ideally the memories map the state of the inoming light
to the outgoing light. In the Heisenberg piture this im-
plies a mapping aˆ′ = aˆ, where aˆ′ and aˆ are the eld
operators for the outgoing and inoming modes respe-
tively. In the presene of imperfetions, the state transfer
will be desribed by an admixture of other eld operators
into the outgoing mode. Here we are mainly interested
in desribing quantum memories based on atomi ensem-
bles. Suh ensembles an in the limit of many atoms be
desribed by a set of harmoni osillators. Furthermore,
ensemble based quantum memories are to leading order
typially desribed by interation Hamiltonians whih are
quadrati in the eld operators for the light and atoms
[2, 12, 13℄. The resulting state evolution an then be
desribed by a Bogoliubov (i.e. linear, unitary) trans-
formation of the eld operators even in the presene of
imperfetions suh as spontaneous emission. We shall
onsider quantum memories desribed by the most gen-
eral possible Bogoliubov transformation and our results
thus apply to a very wide lass of quantum memories.
Our alulations annot, however, desribe interations
with Hamiltonians of higher order than quadrati in the
mode operators. E.g. we annot desribe the optial
Kerr eet or or single-atom memories.
In addition to the errors (i),(ii),(iii) we also on-
sider detetors whih do not resolve the photon number,
as eient, single-photon ounters are diult to on-
strut and it is interesting to ompare the two ases of
ounting/non-ounting. We note that the DLCZ setup is
equivalent to the protool onsidered here in the ase of
perfet memories, i.e. in the absene of type (iii) noise
[2℄. The results presented below therefore also apply to
that protool.
The gures of merit for a repeater are the rate R at
whih entangled pairs are generated and the quality of
the entanglement as funtions of the distane L. As seen
below, and as noted in Ref. [2℄, for lossy or non-resolving
detetors the nal state will ontain a large vauum om-
ponent with no exitations in the ensembles. However, by
ombining two single-rail qubits into one dual-rail qubit
via postseletion as shown in Fig. 2 the vauum ompo-
nent an be removed and interesting appliations suh as
3quantum ryptography or teleportation an be performed
provided that the quality of entanglement onditioned on
suessful postseletion is high [2, 5℄.
As a measure of entanglement, we use the Bell param-
eter S. Let Pdiff (φ, ϕ) (Psame(φ, ϕ)) denote the ondi-
tional probability that one upper and one lower detetor
(both upper or both lower detetors) on Fig. 2 lik, given
that a single lik is deteted at eah end. We dene
E(φ, ϕ) = Psame(φ, ϕ) − Pdiff (φ, ϕ) and
S = E(
π
2
,
π
4
) + E(0,
π
4
) + E(0,
−π
4
)− E(π
2
,
−π
4
). (3)
The parameter spae is then −2√2 ≤ S ≤ 2√2 with
|S| > 2 designating that the state is entangled [15℄. Note
that for ease of omputation we have xed the angles in
the denition of S, whereas the ustom denition is a
maximum over varying angles. The angles in (3) maxi-
mize S for the ideal state ρ = |Ψ+〉〈Ψ+|, and we prove
(App. A) that to rst order in perturbations away from
the ideal state, xing the angles gives the orret de-
sription of the derease in S. As an alternative to S one
might alulate the delity of the postseleted nal state
with respet to the ideal entangled state of two dual-rail
qubits. The main goal of our analysis will be to deter-
mine the dependene of S on the physial parameters in
the setup.
The rate is determined by the probabilities for su-
essful entanglement generation, onnetion, and post-
seletion, denoted by q0, qi where i = 1 . . . n, and qps
respetively. The average time tn, it takes to reate an
entangled pair of length L, obeys the equation
tn+1 = q
−1
n+1(τ2
n + t′n) (4)
where t′n is the average time it takes to reate two neigh-
bouring entangled pairs of length L and τ = L0/c is the
lassial ommuniation time for an L0-segment. The
solution obtained by replaing t′n by tn in the above
equation, i.e. by approximating the waiting time for two
pairs by that of a single pair, onsiderably overestimates
the rate. However, it turns out that a muh better ap-
proximation is found by moving this assumption one step
lower, i.e. by instead taking the reurrene for t′n to be
t′n+1 = νn+1(τ2
n + t′n). (5)
Here νn is the average number of tries needed for two in-
dependent binomial events (i.e. generation/onnetion),
eah with probability qn, to both sueed
νn =
3− 2qn
(2− qn)qn . (6)
and the reurrene has solution
t′n = τ(2
n−1νn + · · ·+ 20νn . . . ν1 + νn . . . ν1ν0)
≈ τνn . . . ν1ν0, (7)
where the last equality holds for q0 ≪ n−1 sine for any
linear optial Bell measurement the suess probability
is at most 1/2 and therefore
2n−1νn + · · ·+ νn . . . ν1
νn . . . ν1ν0
≤ n
ν0
≤ nq0. (8)
Sine to obtain good entangled states it is neessary to
keep the photon reation probability r2 small, this ondi-
tion is well fullled in pratie. Taking into aount the
nal postseletion step, we get the following expression
for the rate
R = t−1n = τ
−1qpsν−1n . . . ν
−1
0
≈ τ−1
(
2
3
)n+1
qpsqn . . . q0, (9)
whih is equivalent to the expression used in Refs. [5, 6,
7℄. It also agrees with the empirial estimate found in
Ref. [4℄. The last simpliation is exat in the limit of
small q and deviates from the rst line of (9) by at most
a fator ∼ 2.6 for n ≤ 8. We have found that numerial
simulation of the rate for given qi shows good agreement
with (9).
III. METHODS
To get at the gures of merit, we apply both analyt-
ial and numerial methods. Our approah is to om-
pute the two mode density matrix ρn of the entangled
pairs at eah step of the protool (i.e. as a funtion of
L = 2nL0). Knowing the state, we may then alulate
S and any other derived quantities. In the ourse of
omputing ρn we also obtain the suess probabilities qi
for entanglement generation and onnetion, whih de-
termine the rate. Although the methods we have devel-
oped are valid for arbitrary photon numbers, we shall in
pratise always work with small photon numbers, so that
ρn may be desribed by a 4x4 or 9x9 matrix in the Fok
basis.
Computing ρn may be broken into two prinipal steps.
First, omputing the state ρ0 from entanglement gener-
ation (Fig. 1 a) and seond, omputing ρn for n > 0 by
iterating the onnetion proess (Fig. 1 b).
To deal with these two tasks, in partiular the seond
one for whih the Bogoliubov transformation depends
on the atomi memory, we have developed a framework
for alulating the output state from an arbitrary Bo-
goliubov transformation followed by projetive measure-
ments, given the input state. Our method, desribed in
App. B, is based on a generating funtion F . This fun-
tion takes two variables for eah input and eah output
mode, and is dened suh that its derivatives evaluated
at zero form a matrix transforming the input to the out-
4FIG. 3: Entanglement onnetion with no transmission losses.
Two pairs of entangled light modes, eah in state ρn extending
over a distane 2nL0, are onneted. Detetion of a single
lik heralds suessful onnetion and leads to entanglement
between the far-away ends of the pairs, leaving them in the
state ρn+1 extending a distane 2
n+1L0. A full state transfer
through the memories is inluded in the onnetion step.
.
put state, e.g., for a single input and output mode,
〈i|ρout|j〉 =
∑
k,l
Mijkl × 〈k|ρin|l〉, (10)
Mijkl =
[
1√
i!j!k!l!
∂k
∂αk
∂l
∂βl
∂i
∂γi
∂j
∂δj
F(α, β, γ, δ)
]
0
.
(11)
For any given Bogoliubov transformation and set of pro-
jetion operators, we an ompute F and from F we nd
ρout for any given ρin.
In addition to the generating funtion, we also make
use of mode redution. The Bogoliubov transformation
for a full state transfer (i.e. storage and subsequent re-
trieval) of a light mode through a realisti atomi mem-
ory often involves many auxiliary modes in addition to
the input and output modes. However, in App. C we
show that the number of modes an always be redued
to three. The most general transformation for the state
transfer beomes
aˆ′1 = b1aˆ1 + c1aˆ
†
1 + b2aˆ2 + c2aˆ
†
2 + c3aˆ
†
3, (12)
where unitarity requires that
|b1|2 + |b2|2 − |c1|2 − |c2|2 − |c3|2 = 1. (13)
Here the annihilation operator aˆ1 is for the input mode,
and we have denoted the retrieved mode by a prime. The
parameters b1, b2, c1, c2, c3 are determined by the physial
properties of the memory, and the state transfer is perfet
when b1 = 1 and only b1 is non-zero. Additional terms
are due to memory imperfetions. We note that with the
proper hoie of phases, all but one of the parameters in
(12) may be assumed real. See App. C for details.
As an example of how we apply mode redution and
the generating funtion, onsider now a very idealised
repeater setup, where the errors are small and due solely
to memory imperfetions. We neglet transmission losses
and we assume the entanglement generation to produe
a perfet Bell-state, ρ0 = |Ψ+〉〈Ψ+|. The parameters of
the memories are for now assumed to fulll
b2, c2, c3 = 0, b
2
1 − 1 = c21 ≪ 1 (14)
with b1, c1 real. Using these assumptions we an om-
pute the generating funtion orresponding to entangle-
ment onnetion and from the generating funtion we an
nd ρn. It is onvenient to inlude the full state trans-
fer through the memories (light to atoms to light) in the
onnetion step suh that ρn denotes the state of two
entangled light modes after n onnetion steps. The on-
netion then proeeds as shown in Fig. 3. The onneting
ends of two neighbouring pairs of entangled light modes
are stored in two memories, retrieved, mixed on a bal-
aned beam splitter and then measured by non-ounting
photodetetors, with a single lik heralding suessful
onnetion. The Bogoliubov transformation orrespond-
ing to onnetion may be found using (12) and (14) and
F an then be omputed from (B4). Using F we nd ρn
for the rst few steps n = 1, 2, ..., at eah step expanding
it to seond order in c21. Based on the results we ome
up with the following anzats:
ρn =


1− 2fn + (2fn − 1 + 2gn)c21 0 0 (1− 2fn)c1
0 fn − gnc21 fn − gnc21 0
0 fn − gnc21 fn − gnc21 0
(1− 2fn)c1 0 0 (1− 2fn)c21

 , (15)
where ρn is given in the Fok state basis, and fn, gn are
unknown, real valued funtions to be determined. Our
anzats will be onrmed, if the form (15) is preserved
under entanglement onnetion (Fig. 3) and the result-
ing reursion equations for fn, gn an be uniquely solved.
Conneting two opies of (15) and expanding to seond
order in c1, we nd that the form is indeed preserved if
fn+1 =
fn
2− fn ,
gn+1 =
4fn(4 + gn) + 11f
3
n − 20f2n − 4
2fn(fn − 2)2 .
(16)
For ρ0 to take the orret form, we must have f0 =
1
2 ,
5g0 = 0, and these equations then yield the solution (see
App. D)
fn =
1
2n + 1
,
gn =
−21+3n + 3 · 21+2n + 5 · 2n − 9
3 · 2(2n + 1)2 .
(17)
Using L/L0 = 2
n
we arrive at the following result for the
onditional Bell parameter:
S = 2
√
2(1− (L/L0 − 1)2c21) (18)
to seond order in c1.
The above example illustrates the approah we take
in deriving analytial results for the Bell parameter: Ex-
ept for transmission losses in the detetor arms, whih
may be onsiderable, errors are treated perturbatively
and independently. First ρ0 is omputed, and then an
anzats for ρn to the desired order in the error is found,
leading to reurrene equations whih are solved with
initial onditions given by ρ0. We treat the following
errors perturbatively (in eah ase keeping transmission
losses nite): nite initial squeezing, dark ounts in en-
tanglement generation, memory imperfetions, and dark
ounts in entanglement onnetion. The results for the
onditional Bell parameter in eah ase are presented in
the next setion.
To verify our analytial results, we have also performed
numerial simulations, where it is not neessary to treat
the errors perturbatively or independently. We have om-
puted the generating funtions for the Bogoliubov trans-
formations orresponding to Fig. 1 (a), (b) and made use
of these funtions to numerially ompute ρn for vari-
ous values of the losses, initial squeezing and dark ount
rates. Numerial results for repeaters using two spei
atomi memories are presented in setion Se. IVB and
omparisons are made to the analytial approximations.
The suess probabilities qi in the rate are found by
inserting the Bogoliubov transformations orresponding
to entanglement generation or onnetion in (B1) and
taking the trae. In this way one may in priniple derive
an expression for R valid for a repeater based on a general
memory, as we have done for S. As we shall see below,
however, the protool only works well if the memories are
lose to being ideal apart from losses. We therefore only
onsider the rate for repeaters where losses are the sole
errors sine other imperfetions will only slightly perturb
the results.
IV. RESULTS
In the rst setion below we present our analytial re-
sults for the onditional Bell parameter in the presene
of errors, and in the following setion the analytial ap-
proximations are ompared to numerial simulations of
repeaters based on spei atomi quantum memories.
A. Analytial results
In the following subsetions, we present results for
S(L/L0) obtained by perturbation for eah error soure
separately. Afterwards, we deal with ross terms between
the perturbations. Arbitrary transmission losses are al-
lowed in all ases and all results are given for both num-
ber resolving and non-number resolving photodetetors.
To get an intuitive idea of the nature of the errors, no-
tie that the onditional Bell parameter S will derease
whenever an erroneous event during generation or on-
netion, suh as a dark ount or memory imperfetion,
an lead to a non-vauum, separable output. That is,
errors our whenever superuous exitations are intro-
dued into the system. Fig. 4a shows how this may be
aused by a onnetion dark ount. One an error has
ourred, it propagates through the protool as shown in
Fig. 4b. Below we use suh onsiderations to justify the
saling of S.
Imperfet memories and onnetion dark ounts
Dark ounts during entanglement onnetion an be
treated as a memory imperfetion by onsidering the vir-
tual PDC and beam splitter introdued in Fig. 1 (b) to
be a part of the memory protool, and therefore we treat
these two error soures simultaneously. An expression for
the ombined Bogoliubov transformation inluding dark
ounts is derived in App. C.
We take the Bogoliubov transformation for a full state
transfer through the atomi memories inluding dark
ounts to be (C10) and neglet all other error soures
exept transmission losses. The photon loss probabil-
ity in entanglement onnetion is taken to be pcon. We
treat eah parameter in the transformation separately,
and proeed as in the example given in Se. III. One an
hek that to leading order, this perturbation ontains no
ross-terms, and hene we may add the errors in S deriv-
ing from eah parameter. For the ase without photon
ounting, we nd
S
2
√
2
= 1− (L/L0 − 1)2(1 + pcon)2|c1|2 (19)
− 4(L/L0)2(1 + pcon)(|c2|2 + |c3|2 + n¯dc
1− pcon )
and for the ase with photon ounting
S
2
√
2
= 1− (L/L0)2p2con|c1|2 (20)
− 8(L/L0)2pcon(|c2|2 + |c3|2 + n¯dc
1− pcon ).
For the perturbation to be valid, the error in S must be
less than 1, and so we require c1, c2, c3 ≪ 1 and n¯dc ≪ 1−
pcon. In addition, here we onsider the large L limit L0 ≪
L and give only the leading order in L. However, we have
veried that the expressions are a good approximation
6(a)
(b)
FIG. 4: Creation and propagation of errors. Filled irles de-
note exitations, empty irles denote vauum. (a) During
onnetion of two segments in |Ψ+〉, vauum is read out but
the onnetion is aepted due to a detetor dark ount leav-
ing the remaining modes in the separable state |11〉. (b) One
an error has ourred, it may propagate. Conneting |11〉 with
and ideal entangled state and requiring a single lik leads to
|11〉 in the output (if no loss ours). A vauum state of the
form |00〉 propagates in the same fashion.
to the exat analytial result for S (whih ould not be
put on a losed form) also for L ∼ L0, as long as the
perturbative ondition is fullled.
There are several things to notie about the results (19)
and (20). First, note that the onditional Bell parameter
is independent of the parameter b2. This is beause b2
orresponds to a plain loss. If b2 is the only imperfetion,
the transformation (12) is passive and hene b2 leads to
an inrease of the vauum omponent of ρn, whih does
not inuene the onditional Bell parameter. For the
same reason, there is no term in S depending only on
the transmission loss pcon. Seond, note that the errors
are suppressed for vanishing pcon, when the photons are
ounted, but persist for vanishing pcon, if they are not
ounted. This, and also the saling of the error with
L and pcon, may be motivated by the following simple
piture.
In the ase of only c1 non-zero the unitarity ondition
(13) beomes |b1|2 − |c1|2 = 1, and it follows that the
eet of non-zero c1 is a one-mode squeezing of the in-
put mode. Similarly the eet of non-zero c2 or c3 is a
two-mode squeezing of the input mode with an auxiliary
mode. Letting ρ = ρn ⊗ ρn the memories take
ρ→ SL(c1)SR(c1)ρS†L(c1)S†R(c1) (21)
or
ρ→ Trlr
[
SLl(c2)SRr(c2)ρS
†
Ll(c2)S
†
Rr(c2)
]
(22)
where (referring to Fig. 3) L,R are the measured modes,
l, r are two auxiliary modes and Si(c) = exp(caˆ
†2
i − c∗aˆ2i )
and Sij(c) = exp(caˆ
†
i aˆ
†
j − c∗aˆiaˆj) are the single and two-
mode squeezing operators. From these expressions we
see, that c1 errors introdue photon pairs into the mea-
sured modes, while c2 and c3 errors introdue single pho-
tons. To lowest order in the c's the amplitudes for errors
to our are c1, c2, c3 and hene the error in S sales
with |c1|2, |c2|2, |c3|2. Now, the post-seletion implied by
S (see Fig. 2) requires that any superuous photons be
removed before the post-seletion stage. In the ase of
photon ounting detetors, this an happen only through
photon loss, and therefore the c1 and c2, c3 error terms
sale with p2con and pcon respetively. In the ase of non-
resolving detetors, in addition to loss, superuous pho-
tons an be removed when multiple photons are inident
on the same detetor produing only a single lik. This
implies that errors persists for vanishing loss, and is ap-
parent by the replaement pcon → (1+pcon)/2 from (19)
to (20). To understand the saling with L, note that there
are L/L0 − 1 onnetion attempts in total. There are
therefore L/L0 ways for a photon to get lost and L/L0
ways for an extra photon to be introdued. In a c2 or c3
error one extra photon is introdued and thus one pho-
ton must get lost, whereas in a c1 error two photons are
added and two photon must get lost. However one of the
added photons must get lost in the onnetion attempt in
whih it was reated, sine suessful onnetion requires
exatly one detetor lik, and the saling for both types
of error is therefore L2. Sine dark ounts an be treated
by mixing of the signal mode with a two mode squeezed
state (see Fig. 1) this error term sales the same way as
the c3 term. This is also apparent from the Bogoliubov
transformation (C10). Note that as pcon → 1, the proba-
bility that a given lik is a dark ount approahes 1 and
the dark-ount error term diverges.
Finite initial squeezing
Ideally, eah entangled state onsists of one exitation
shared between two modes, and as seen above the in-
trodution of additional exitations is a ause for errors.
For this reason, when non-ounting detetors are used
or loss is present, the squeezing parameter of the state
(1) used for entanglement generation must be small and
ideal Bell-type entanglement is only ahieved in the limit
of negligible squeezing r → 0. Of ourse this ideal limit
for the Bell parameter is the worst-ase limit for the rate,
as the suess probability for entanglement generation is
proportional to the probability r2 of reating a photon
pair in the PDC's. Thus, there is a trade-o between
the onditional Bell parameter and the rate, and we are
required to keep r nite. Here we examine the eet of
nite initial squeezing on S for the nal entangled state
ρn.
The state ρ0 produed by the setup Fig. 1 (a) an be
alulated either diretly in the language of mode opera-
tors starting from the state (1) or by omputing the gen-
erating funtion of the entire setup inluding the PDC's
and assuming vauum input. We have found ρn to seond
order in r, negleting dark ounts but making no restri-
tion on the loss parameters pgen, pcon. Going to seond
order in r is equivalent to taking a maximal photon num-
ber of two, and hene ρ0 is desribed by a 9x9 matrix in
this ase. Knowing ρ0 we proeed as in Se. III to nd ρn,
7assuming perfet entanglement onnetion. The results
for the onditional Bell parameter are
S
2
√
2
= 1− 8(L/L0)2 1 + pgen
2
1 + pcon
2
r2 (23)
without photon ounting, and
S
2
√
2
= 1− 8(L/L0)2 pgen pcon r2 (24)
with photon ounting.
The fator of r2 indiates that, similar to what we saw
previously, the deay of S is aused by superuous exita-
tions in the repeater, in this ase oming from the PDC's.
The extra photons ome in pairs, with one in the dete-
tor and one in the memory arm of Fig. 1 (a), and hene
the situation is analogous to that of c1-type errors above.
Two photons must get lost before the post-seletion stage,
and one of these must get lost in the generation attempt
in whih extra photons were introdued, sine a single
detetor lik is required for suessful generation. With
photon ounting this type of error is suppressed when
there is no loss in generation (pgen → 0) or onnetion
(pcon → 0), but persist for vanishing loss if the photons
are not ounted, and the error terms sales quadratially
in L.
Generation dark ounts
Last, we onsider the eet of dark ounts in the entan-
glement generation, but neglet errors of seond order or
higher in r. Again, the generated state an be derived by
means of the generating funtion for the setup Fig. 1 (a).
Having derived ρ0 we proeed to nd ρn and the on-
ditional Bell parameter assuming perfet entanglement
onnetion. To lowest order in the dark ount probabil-
ity n¯dc we nd, without photon ounting
S
2
√
2
= 1− 4(L/L0)2 1 + pgen
1− pgen n¯dc, (25)
and with ounting
S
2
√
2
= 1− 8(L/L0)2 pgen
1− pgen n¯dc. (26)
Again, notie that the error in S is suppressed for
pgen → 0 in the ounting ase but not in the non-ounting
ase. Beause a dark ount alone results in the generation
of a vauum state, it must be ombined with a double ex-
itation in some segment to lead to an error in S whih
explains the quadrati saling of the error. Despite the
fat that a double exitation is needed, r2 does not show
up in eqns. (25), (26), beause although the probability
for a double exitation is of order r4, there is no need to
reate an exitation in the segment where the dark ount
ours, and hene the total number of generated photons
is unhanged with respet to the ideal ase.
Perturbation ross terms
So far we have onsidered eah error soure indepen-
dently, and we have found perturbatively their eet on
the onditional Bell parameter. However, we have not
addressed the possibility for ross terms in the perturba-
tion, when errors of dierent type are present simultane-
ously, as will always be the ase experimentally. Indeed,
ross terms do appear and may have a severe eet on
S for ertain values of the parameters. Here we identify
the regime where ross terms an be safely negleted.
We nd that the signiant ross terms are those aris-
ing from the ombination of a generation dark ount with
a memory imperfetion or a onnetion dark ount. To
see this note, that a generation dark ount results in
a vauum state, and onneting this with a Bell state
in the presene of a memory imperfetion or a gen-
eration dark ount may result in the separable state
|01〉, whih leads to an error in S. Sine the event re-
quires a generation dark ount and an error in onne-
tion, the error term must be proportional to ǫ n¯dc, with
ǫ = |c1|2, |c2|2, |c3|2, or n¯dc. However, ompared with
the errors onsidered in previous setions we now require
generation of only L/L0 − 1 photons rather than L/L0,
and therefore this error term is also enhaned by a fa-
tor of 1/r2, so that the total order of magnitude of the
term is ǫ n¯dc/r
2
. Relative to the error terms onsidered
previously, there is a fator of n¯dc/r
2
whih amounts to
enhanement if the dark ount probability is higher than
the probability to generate a photon, and to suppression
in the reverse ase. On the other hand, the ross term in-
volving a generation dark ount and an additional gener-
ated photon, or the ross terms not involving generation
dark ounts must have L/L0 generated photons. They
are therefore of order ǫ2 and an be safely negleted in
both ases.
We onlude that the analytial results derived in the
previous setions provide a full desription of the ondi-
tional Bell parameter whenever the prodution rate for
photon pairs in the parametri down onversion is signif-
iantly higher than the dark ount rate of the detetors.
Sine the errors due to nite initial squeezing and dark
ounts sale in roughly the same manner aording to
Eqns. (19), (20), (23)-(26), it will be advantageous to
make r2 at least omparable with n¯dc to inrease the
rate. We are then only making a minor error by neglet-
ing ross terms.
B. Appliation to spei memories
We now verify the analytial results of the previous
setion by omparing with numerial simulations. The
results for dark ount and initial squeezing errors are in-
dependent of the memories and hene apply to any DLCZ
repeater with the arhiteture presented above. We re-
mind the reader that this inludes the original DLCZ
protool sine the interation used by DLCZ for entangle-
8FIG. 5: The eet of nite initial squeezing. S(L) is plotted
for r = 10−2 and transmission losses of pgen = 0.9, pcon =
0.1, in the ase of ounting (dots) and non-ounting (irles)
detetors. Dashed lines show the analytial approximations.
ment generation is eetively a two-mode squeezing and
hene equivalent to our PDC's [2℄. For the memory re-
sults we perform simulations using two spei ensemble
based quantum memories. One proposed by Mushik and
Hammerer [12℄, whih we denote the two-pass memory,
and one proposed by Julsgaard et al. [13℄, here denoted
the one-pass memory.
As explained in Se. III our numerial results are ob-
tained by omputing ρn by means of the generating fun-
tion for spei values of the parameters of the system.
In doing so, there is no need for treating errors pertur-
batively but we do have to restrit the dimension of ρn,
beause it is not pratial to work with large matries.
Sine ρn is given in the Fok state basis, this eetively
means restriting the maximal number of exitations in
the entangled states. In our simulations we take the max-
imal exitation number to be 2 so that ρn is 9x9. This
implies that our numerial results an be onsidered ex-
at as long as the probability of reating three or more
exitations is negligible, however for the repeater to work
reliably beyond a few onnetion steps r2 ≪ 1 is required,
so this ondition is well fullled in pratie.
Results for the eets of nite initial squeezing and of
dark ounts on the onditional Bell parameter are dis-
played in Figs. 5,6. For eah type of error we display
the analytial onditional Bell parameter from the pre-
vious setion as well as the numerial simulation. Note
that in all ases, S is well desribed by the analytial
approximations for distanes L where S is well above the
lassial threshold of 2. The exellent agreement on-
rms the analytial results of Se. IVA. The perturba-
tive approximation breaks down at the distane where S
drop below the lassial threshold of 2, i.e. the maximal
distane over whih ommuniation is possible with the
given losses, sine at this point the error in S is no longer
small.
We an estimate the maximal distane imposed by
dark ounts or PDC squeezing by setting S = 2 in (23)
FIG. 6: Eet of detetor dark ounts in entanglement on-
netion. S(L) is plotted for n¯dc = 10
−4
and transmission
losses of pgen = 0.9, pcon = 0.1, for ounting (dots) and
non-ounting (irles) detetors. Dashed lines are analytial
results. The inset shows the eet of dark ounts in entangle-
ment generation, for the same parameter values.
and (25) to get
(L/L0)
2 =
2−√2
4(1 + pgen)(1 + pcon)
r−2 (27)
(L/L0)
2 =
2−√2
8
1− pgen
1 + pgen
n¯−1dc (28)
in the non-ounting ase. Small r are not hard to ob-
tain experimentally, but the dark ount number n¯dc is
ditated by the detetor dark ount rate and the pulse
duration τ . With miroseond pulses, an optimisti 1Hz
dark ount rate, and 90% photon loss in generation, the
maximal distane (28) is L ∼ 64L0. Reent protools
oer better tolerane for dark ounts and other multi-
photon errors, see e.g. Ref. [4℄.
As mentioned in the previous setion, the dierent er-
rors introduing superuous exitations in the repeater
an only be treated independently in perturbation theory
when the prodution rate in the PDC's is higher than
the rate of spurious exitations. This is demonstrated
in Fig. 7, where we plot S in the two ases n¯dc < r
2
and n¯dc > r
2
when both generation and onnetion dark
ounts our. We see that the analytial approximation
obtained by adding the error terms in (19) and (25) is
valid only in the former ase
Next we turn to spei quantum memories. The two-
pass memory is depited in Fig. 8. It onsists of an en-
semble of atoms ontained in a glass ell at room tem-
perature and traversed twie in orthogonal diretions by
a light beam. Both light and atomi spin are strongly
polarised, suh that the Holstein-Primako approxima-
tion may be applied and eah system an be desribed
by a harmoni osillator. The interation Hamiltonian
is xˆAxˆL in one pass of the light pulse and pˆApˆL in the
other, where subsripts A and L refer to atoms and
light, and the overall interation Hamiltonian beomes
xˆAxˆL + pˆApˆL ∼ aˆ†AaˆL + aˆAaˆ†L. As a result of this inter-
9FIG. 7: Signiane of perturbation ross terms. S(L) is plot-
ted with dark ounts in all detetors for n¯dc = 10
−5
in the two
ases r2 = 10−4 (left )and r2 = 10−6 (right). When n¯dc > r
2
,
a large disrepany is observed between the numerial result
and the analytial approximation omitting perturbation ross
terms (dashed line).
ation, the polarisation state of the light and the state of
the olletive atomi spin are swapped, and this proess is
governed by the light-atom interation strength κ. In the
absene of losses a full state transfer through the memory
may be desribed by the Bogoliubov transformation (see
Ref. [12℄ for details)
aˆ′L = (e
−κ2 − 1)aˆL − e−κ
2/2
√
1− e−κ2 aˆA + e−κ
2/2aˆretL .
(29)
where aˆL, aˆ
′
L are the stored and retrieved light modes, aˆA
is a olletive atomi mode and aˆretL is the input mode
of the retrieval light pulse. From (29) it is apparent that
the memory is perfet when κ is large. However, in ex-
periment κ is restrited by spontaneous emission, and
in the following examples we use an optimisti value of
κ = 2. In the lossless ase (29) is a passive transforma-
tion and hene does not introdue any error in S (.f.
(12),(19),(20)). Only the rate is aeted by κ.
The important error parameter in the setup Fig. 8 is
the reetion oeient ξ for reetions at the ell walls.
Reetions ourring between the two passes of the light
pulse introdue an ative part to the transformation (29)
leading to non-zero c3 in (12), and in fat we nd c
2
3 ≈
0.9ξ to lowest order in ξ when κ = 2 [16℄. Putting S = 2
in (19) we have
ξ =
2−√2
0.9 · 8(1 + pcon) (L/L0)
−2. (30)
Taking an optimisti value ξ = 10−3 and no loss, this
limits the ommuniation distane to L ∼ 8L0. In Fig. 9
we plot S for the two-pass memory together with our
numerial approximation.
The one-pass memory has been demonstrated experi-
mentally by Julsgaard et al. [13℄. The write-in setup is
similar to the two-pass setup in Fig. 8, but instead of the
polariser a detetor is plaed is plaed in the beam and
the light is measured after one pass through the atomi
ensemble. A feedbak is then supplied to the atoms via
a magneti pulse based on the measurement outome. In
FIG. 8: Setup for the two-pass memory. An atomi ensemble
is plaed in a magneti eld, with the spin of the ensemble
strongly polarised along the eld. The atoms are traversed
twie in orthogonal diretions in the plane perpendiular to
the eld by a light beam. As a result, the light polarisation
state an be stored in or retrieved from the atomi spin.
FIG. 9: Eet of two-pass memory imperfetions. S(L) is
plotted for ξ = 10−4, 10−3 and transmission losses of pgen =
0.9, pcon = 0.1, for ounting (dots) and non-ounting (irles)
detetors. Dashed lines are analytial results.
order to see whether this memory is suitable for use in
the repeater, we simply assume perfet readout. With
this assumption the Bogoliubov transformation of a full
state transfer beomes
aˆ′L = (1−
κg
2
)aˆA+
κg
2
aˆ†A+
1
2
(κ+g)aˆL− 1
2
(κ−g)aˆ†L, (31)
where κ is the oupling strength and g is the feedbak
gain. From this expression it is lear that the memory is
never perfet, sine for any non-zero hoie of κ and g the
output light ontains some mixing in of the atomi mode.
However, if the atomi mode is squeezed prior to storage,
the noise introdued by the atoms an be suppressed.
Assuming that the variane in the X-quadrature of the
atomi mode is squeezed by a fator s, and putting κ =
10
FIG. 10: Eet of one-pass memory imperfetions. S(L)
is plotted for squeezing parameters (from the top down)
s = 105, 103, 10 and transmission losses of pgen = 0.9, pcon =
0.1 for ounting (dots) and non-ounting (irles) detetors.
Dashed lines are analytial results.
g = 1 the Bogoliubov of a state transfer beomes
aˆ′L =
√
s
2
(aˆA + aˆ
†
A) + aˆL. (32)
This is on the form (12) and it is now easy to read of the
oeients and plug into (19). Taking S = 2 and solving
for s we get
s =
1
2
2−√2
1 + pcon
(L/L0)
−2 ≈ −30 dB (33)
for L = 16L0 and no loss. This value of s is far beyond
what an be ahieved experimentally at the moment [13,
17, 18, 19℄. E.g. in one reent experiment about 3 dB of
squeezing was reported [19℄. We therefore onlude that
the one-pass memory is not suitable for implementation
of a DLCZ-type repeater. The performane for several
values of the squeezing is shown in Fig. 10
Finally, let us briey onsider the rate. We prove in
App. E, that the rate of the DLCZ-repeater in the ab-
sene of dark ounts and memory imperfetions is given
by
R =
2
3
r2(1− pgen)(L/L0)− log2 3/2R′ (34)
with
R′ = e
1
ln 2
Li2( pcon+1pcon−1
√
2L/L0)− 1ln 2Li2( pcon+1pcon−1
√
2). (35)
in the non-ounting ase, and
R =
2
3
r2(1− pgen)(L/L0)− log2 3R′ (36)
with
R′ = e
1
ln 2
Li2( pconpcon−1
√
2L/L0)− 1ln 2Li2( pconpcon−1
√
2)
(37)
in the ounting ase. We an obtain the saling of the
rate for a xed nal imperfetion in S , by using (23) or
FIG. 11: The rate for a xed imperfetion in S of 5%. We plot
the two ases of ounting (irles) and non-ounting (dots)
detetors, for pgen = 0.9 and pcon = 0.1 (upper urves),
pcon = 0.9 (lower urves). For referene we plot the ideal
saling L−2−log2 3 (dashed line).
(24) to determine the value of r and inserting this value
into the above expressions. Fig. 11 shows the result. In
the best ase, when the onnetion loss is negligible, the
saling is L−2−log2 3. When onnetion losses are small,
the rate is seen to be signiantly enhaned by the use of
ounting detetors. This an be understood as a onse-
quene of the vauum omponent of the state ρn growing
faster with n for non-ounting detetors. Conneting two
entangled pairs using non-ounting detetors may lead to
a vauum state even in the absene of any losses. This
is not the ase for ounting detetors. A fast growing
vauum omponent leads to a low onnetion probability,
sine the vauum annot ontribute to the liks required
for suessful onnetion. As losses inrease, the proba-
bility for two photons to reah a detetor simultaneously
dereases, and hene the advantage of ounting over non-
ounting detetors disappears, the two rates being equal
in the limit of very high loss.
V. CONCLUSION
We have presented a thorough analysis of quantum re-
peaters using general ensemble based memories in the
DLCZ arhiteture. As a primary result of our analysis
we have derived perturbative analytial expressions for
the Bell parameter of the generated entangled states in
terms of the distane and the memory parameters. Our
results apply to repeaters based on any quantum memory
whih may be desribed by a Bogoliubov transformation
and hene to any system for whih the interation is no
more than quadrati in the mode operators. We have
veried our analytial results by omparison to numeri-
al simulations and found good agreement in the range
where perturbation theory applies.
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We are aware that many protools improving upon
the DLCZ repeater arhiteture have been put forward,
whih promise signiantly better tolerane for multi-
photon errors and better rates, and that hene the system
analysed in this paper is not a likely andidate for experi-
mental implementation [3, 4, 5, 6, 14℄. However, we have
demonstrated how to analyse a repeater in terms of a very
general quantum memory model, and our methods an
in priniple be extended to any system for whih entan-
glement generation and reation are desribed by Bogoli-
ubov transformations and single-photon detetion. This
is the ase for the reent proposals Refs. [3, 4, 5, 6, 14℄.
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APPENDIX A: BELL PARAMETER ANGLES
Here we prove that the angles in the denition of S an
be held xed when alulating the derease in S in rst
order perturbation theory. Let φ
0 = (φ01, . . . , φ
0
4) be the
angles maximising S(|Ψ+〉〈Ψ+|) and let ρ(x) be a pertur-
bation away from the Bell state with ρ(0) = |Ψ+〉〈Ψ+|.
Then the angles whih maximise S(ρ) will also be lose
to φ0 and to rst order in the perturbation, we an write
S(x,φ) = 2
√
2 +
k∑
i=1
∂S
∂xi
∣∣∣∣
0, φ0
· xi +
4∑
i=1
∂S
∂φi
∣∣∣∣
0, φ0
·∆φi
= 2
√
2 +
k∑
i=1
∂S
∂xi
∣∣∣∣
0, φ0
· xi
= S(x,φ0), (A1)
where∆φi = φi−φ0i and we have used that ∂S∂φi
∣∣
0, φ0 = 0.
Thus we have proven that to rst order in the perturba-
tion, it is optimal to evaluate S using the angles φ0.
APPENDIX B: THE GENERATING FUNCTION
We dene the generating funtion in the general ase,
where our system S has arbitrarily many modes, some of
whih are output while the remaining modes are mea-
sured or traed out. Symbolially S = OR, where O
are the output and R the remaining modes. If the sys-
tem is subjet to a Bogoliubov transformation U and a
subsequent measurement with an outome orresponding
to projetion operator P , then the unnormalised output
state is
ρoutO = TrR(PUρ
in
S U
†P †). (B1)
To onstrut the generating funtion, rst note that a
Fok state in mode i may be written
|n〉i = 1√
n!
(aˆ†i )
n|0〉i =
[
1√
n!
∂n
∂αn
eαaˆ
†
i |0〉i
]
α=0
(B2)
where the parameter α an be hosen real and |0〉i de-
notes the vauum state of mode i. The generating fun-
tion is dened to be
F(αi, βi, γi, δi) = TrR
[
O〈0|
(∏
o
eδoaˆo
)
PU
(∏
i
eβiaˆ
†
i
)
|vac〉〈vac|
(∏
i
eαiaˆi
)
U †P †
(∏
o
eγoaˆ
†
o
)
|0〉O
]
(B3)
= e
1
2
Σ × 〈vac|
(∏
i
Di(−αi)
)
U †P †
(∏
o
Do(γo)|0〉o〈0|Do(−δo)
)
PU
(∏
i
Di(βi)
)
|vac〉 (B4)
where i runs over all of S and o runs over the output
modes O. The parameters αi, βi and γi, δi are real and
orrespond to the input and output modes respetively.
Using (B2) and (B3) we an generalise (10), and we see
that F generates the output state as desired. The expres-
sion (B4) with Σ ≡ ∑i(α2i + β2i ) +∑o(γ2o + δ2o) follows
from the irular property of the trae and the relation
eαaˆ
† |0〉 = e 12 |α|2D(α)|0〉. (B5)
whih is a onsequene of the disentangling theorem [20℄.
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We now show how to obtain the funtion F for given
U and P . Let the Bogoliubov transformation U be given
by
U †aˆjU =
∑
i
bji aˆi + cji aˆ
†
i . (B6)
To ompute F we make use of several properties of dis-
plaement operators. First, one may prove that the va-
uum projetion operator an be written as the integral
|0〉〈0| =
∫
dpdx
2π
e−(x
2+p2)/4D
(
x+ ip√
2
)
. (B7)
It follows from (B2) that the projetion on any Fok state
an be written in terms of derivatives of an integral over
a produt of displaement operators. Seond, under U
the displaement operators transform as
U †Dj(β)U =
∏
i
Di(βb
∗
ji − β∗cji). (B8)
And third, the produt and vauum expetation value of
displaement operators are given by
D(α)D(β) = eiIm(αβ
∗)D(α+ β), (B9)
〈0|D(α)|0〉 = e− 12 |α|2 . (B10)
Starting from (B4), the funtion F is found in four
steps. First, all projetion operators in the expression
are replaed by integrals of displaement operators by
making use of (B7). Seond, the Bogoliubov transforma-
tion is eliminated from the expression via (B8). Third,
the integrals are pulled outside the vauum expetation
whih then ontains only a produt of displaement op-
erators, and the expetation value is evaluated by using
(B9) and (B10). Last, the resulting Gaussian funtion
is integrated and we obtain an analyti expression for F
involving only the α, β, γ, δ-variables and the parameters
of U .
Projetion operators
The generating funtion as dened above an be om-
puted for any measurement desribed by a projetion in
the Fok state basis. However, in this artile we are in-
terested only in measurements where a single or no lik
is observed. The measurement operator orresponding to
the zero outome (no lik) is simply a projetion on the
vauum state of the measured mode:
Pdark = |0〉〈0|. (B11)
The measurement operator orresponding to a single
lik depends on the resolution properties of the dete-
tor. We work with two ontrasting ases. For perfet
single-photon ounters, the operator is
Plight = |1〉〈1| (B12)
=
[
∂2
∂α∂β
e(|α|
2+|β|2)/2D(α)|0〉〈0|D(β)
]
α,β=0
,
where (B2) and (B5) was used. For detetors whih an
only distinguish between presene and absene of light
but give no information about the photon number, the
operator beomes
Plight = 1− |0〉〈0|. (B13)
Squeezed initial states
In priniple the generating funtion (B3) allows for any
input and output states. In pratie, it is not onve-
nient to work with high photon numbers, beause the
density matries beome large and the alulation of the
elements orresponding to many-photon Fok states re-
quire derivatives of high orders (.f. (10)). One might
therefore expet that squeezed initial states would be
treated only approximately, as they have non-zero over-
lap with all the Fok states. Fortunately, the squeezed
states belong to a lass of initial states whih may be
treated exatly: For any state, whih an be written on
the form A|vac〉, where the operator A generates a Bo-
goliubov transformation, we see from (B1) that we may
replae U by UA and take ρinS = |vac〉〈vac|. In parti-
ular, for the two-mode squeezed state (1) in modes i, j,
we let U → USij(r) where Sij(r) is the usual two-mode
squeezing operator. In this way the input is treated ex-
atly, regardless of photon number.
APPENDIX C: MODE REDUCTION
In this appendix we show how to redue the most gen-
eral Bogoliubov transformation to three modes, and how
to inlude dark ounts in the memory Bogoliubov trans-
formation. The most general Bogoliubov transformation
for a full state transfer through a quantum memory takes
the form
aˆ′1 = b1aˆ1 + c1aˆ
†
1 +
∑
i
b˜iˆ˜ai + c˜iˆ˜a
†
i (C1)
where aˆ1 is the mode operator of the stored mode, and
aˆ′1 that of the retrieved mode. Now, it is always possible
to dene new, independent mode operators aˆ2, aˆ3 by
b2aˆ2 ≡
∑
i
b˜iˆ˜ai, c2aˆ
†
2 + c3aˆ
†
3 ≡
∑
i
c˜iˆ˜a
†
i , (C2)
where b2, c2, c3 are omplex oeients, and hene we
an simplify (C1):
aˆ′1 = b1aˆ1 + c1aˆ
†
1 + b2aˆ2 + c2aˆ
†
2 + c3aˆ
†
3. (C3)
We see that the new transformation involves only three
modes.
The b, oeients are determined by (C2) and the
anonial ommutator relations for aˆ2, aˆ3. There is some
freedom in the hoie of phases however. The phases of
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b1, c1 an be adjusted by simple phase shifts of the input
and output modes. It an be seen, that in our repeater
setup a phase shift on the output mode has no eet
on the measurement outomes when onneting pairs,
and hene we may always assume that either b1 or c1
is real. It is not obvious that hoosing both of them real
orresponds to an optimal phase hoie in terms of S,
however we have heked numerially that a phase hange
of the input mode has negligible eet on S. Hene in
this paper we take b1 and c1 to be real. Any omplex
phase on b2 an be absorbed into the denition of aˆ2,
and likewise the phase of c3 an be absorbed in aˆ3. We
may therefore assume b2, c3 to be real. Putting things
together, we have
b1, b2, c1, c3 ∈ R, c2 ∈ C. (C4)
And beause aˆ′1 must preserve the anonial ommuta-
tion relations
b21 + b
2
2 − c21 − |c2|2 − c23 = 1. (C5)
Inluding dark ounts
As an example of mode redution, we onsider dark
ounts in entanglement onnetion. They are treated by
inluding a PDC and beam splitter after the memory
readout, as shown in Fig. 1 (b). Traing out one mode of
the PDC leaves a thermal state in the other mode, whih
is mixed with the signal from the memory. We now show
how the memory transformation (C3) an be modied to
take aount of the dark ounts.
The new Bogoliubov transformation, inluding the ad-
ditional modes aˆs1, aˆs2, is given by UBSUmemSs1s2(r),
where UBS is a beam splitter transformation, Umem is the
transformation (C3) and we have inluded the squeezing
as explained in App. B. This implies
aˆ′′1 = S
†
s1s2(r)(aˆ
′
1
√
1− p+ aˆs1√p)Ss1s2(r)
= aˆ′1
√
1− p+√p (aˆs1 cosh s− aˆ†s2 sinh s). (C6)
Using (C3) and applying mode redution, we an write
aˆ′′1 = b
′
1aˆ1 + c
′
1aˆ
†
1 + b
′
2aˆ
′
2 + c
′
2aˆ
′†
2 + c
′
3aˆ
′†
3 , (C7)
where
b′2aˆ
′
2 ≡
√
1− p b2aˆ2 +√p cosh(s) aˆs1, (C8)
c′2aˆ
′†
2 + c
′
3aˆ
′†
3 ≡
√
1− p (c2aˆ†2 + c3aˆ†3)−
√
p sinh(s)aˆ†s2.
Choosing b1′, b2′, c3′ real and positive and using the
anonial ommutators, we nd the primed oeients
to be
b′1 =
√
1− p b1
b′2 =
√
(1− p)b22 + p cosh(s)2
c′1 =
√
1− p c1 (C9)
c′2 = (1− p)b2c2/b′2
c′3 =
√
(1− p)(|c2|2 + c23) + p sinh(s)2 − |c′2|2.
It remains to relate the parameters p, s of the virtual
optial elements to the physial dark ount rate. One
may prove, that the output state from one arm of the
PDC, when the other arm is traed out, is a thermal state
of mean photon number sinh(s)2. The average number
of dark ounts must equal the mean photon number at
the detetor due to the virtual PDC, and we therefore
get n¯dc = p sinh(s)
2
. To obtain a nal expression for
the Bogoliubov transformation inluding dark ounts we
rewrite (C9) in terms of the physial parameter n¯dc, and
sine we are only interested in introduing dark ounts
but not photon loss to the memory output mode we let
p→ 0 while keeping n¯dc onstant. The result is
b′1 = b1
b′2 =
√
b22 + n¯dc
c′1 = c1 (C10)
c′2 = b2c2/b
′
2
c′3 =
√
|c2|2 − |c′2|2 + c23 + n¯dc.
Note that sine we have hosen to inlude the dark
ounts in the memory transformation, attention should
be payed to keeping the dark ount rate xed when pho-
ton loss (pcon > 0) is introdued.
APPENDIX D: MATHEMATICAL DETAILS OF
THE RECURRENCE EXAMPLE
To solve the reurrene equations (16), make the vari-
able substitution f˜n = f
−1
n to obtain:
f˜n+1 = 2f˜n − 1. (D1)
This equation is easily solved, subjet to the initial on-
dition f˜0 = f
−1
0 = 2, and we nd:
f˜n = 2
n + 1. (D2)
Inserting the solution for fn into the gn-reurrene and
making the substitution g˜n = 2(2
n + 1)gn one nds the
reurrene equation
g˜n+1 = 2g˜n − 23n+2 + 22n+2 − 3. (D3)
Given the initial ondition g˜0 = 2(2
n + 1)g0 = 0, we get
the solution
g˜n = −1
3
(2n − 1)(22n+1 − 2n+2 − 9). (D4)
From (D2), (D4) and the denitions of f˜n, g˜n we have the
solutions (17).
Having found fn, gn we may obtain the onditional Bell
parameter of the state (15) as a funtion of entanglement
distane. The onditional Bell parameter of the state is
S = 2
√
2(fn − c21gn)2/[f2n − (2fngn − (2fn − 1)2)c21
− ((2fn − 1 + gn)2 − 2g2n)c41]. (D5)
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FIG. 12: Plot of the relative error (LHS− RHS)/LHS where
LHS and RHS refer to (E11).
Now, if c1 is small suh that f
2
n dominates the denomi-
nator, we an plug in the solutions for fn, gn and expand
to lowest order in c1. This gives the expression (18).
The derivation of the redution in Bell parameter in
the presene of bre loss, and due to other error soures
(other memory imperfetions, dark ounts and nite ini-
tial squeezing) proeed along the same lines as the deriva-
tion presented here and in Se. III. However, the re-
urrene equations tend to be onsiderably more om-
pliated when losses are inluded, and in some ases we
have not been able to obtain a losed form analytial so-
lution. In those ases we have obtained an exat solution
of the reurrene numerially (by substituting the equa-
tion into itself) and from this solution we have dedued
the behaviour at large L/L0. Subsequently we have ver-
ied, by omparing with numerial simulations, that the
analytial expressions thus obtained are also valid for L
lose to L0.
APPENDIX E: THE DLCZ-REPEATER RATE
WITH ARBITRARY LOSSES
We onsider entanglement generation and onnetion
as shown in Fig. 1, and onentrate on the ase where
the photon prodution rate in generation is very low
and where the memories are passive, suh that no multi-
photon errors are present. For suh a system, entan-
glement generation produes the state ρ0 = |Ψ+〉〈Ψ+|.
Sine photon loss is the only error, we expet ρn to take
the form
ρn = ηn|Ψ+〉〈Ψ+|+ (1 − ηn)|vac〉〈vac|, (E1)
where ηn is a number and η0 = 1. If this form of ρn
is onserved under entanglement onnetion, Fig. 1 (b),
then it follows by indution that it is orret. Assuming
that the detetors resolve single photons, it is not diult
to see that this is indeed the ase, and that
ηn+1 =
ηn
2− ηn(1− pcon) , (E2)
whih has the solution
ηn =
1
1− pcon + 2npcon . (E3)
Now, from (E1) the suess probability for onnetion is
qn+1 =
1
2
(1− pcon)ηn(2 − ηn(1− pcon))
=
1
2
(1− pcon)η2n/ηn+1. (E4)
Sine r ≪ 1, the suess probability for generation is q0 =
2r2(1−pgen). The probability for suessful postseletion
is qps = η
2
n/2 and from (9) the rate is then
R =
2
3n+1
r2(1− pgen)(1 − pcon)nη20
n∏
i=1
ηi. (E5)
We now put this expression on a losed form. We start by
turning the produt into a sum by taking the logarithm
ln
n∏
i=1
ηi = −
n∑
i=1
ln (1− pcon + 2ipcon). (E6)
The sum an be estimated by taking the integral
∫ n+1
1
ln (1− pcon + pconγ2x)dx, (E7)
where we have introdued a onstant γ. By adjusting γ
we make sure that the integral agrees with the sum above
in the limits where the sum an be easily evaluated. The
integral gives
n ln (1 − pcon) +
Li2
(
2γpcon
pcon−1
)
− Li2
(
2n+1γpcon
pcon−1
)
ln 2
, (E8)
where Li2 is the dilogarithm [21℄. Sine Li2(0) is 0, the
integral equals the sum in (E6) for pcon → 0. The sum is
also easily evaluated in the limit pcon → 1. In that ase
it evaluates to
n∑
i=1
ln 2i =
ln 2
2
n(n+ 1). (E9)
Using that Li2(x) tends to −π2/6 − ln2(−x)/2 for large
negative values of x [21℄, the limit of the integral (E7) is
ln 2
2
n(n+
2 ln 2γ
ln 2
). (E10)
Hene for the limit of the integral to equal that of the
sum, we require γ = 1/
√
2. Inserting γ in (E8) and
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taking the exponential, our best estimate for the produt
ourring in (E5) is
n∏
i=1
ηi ≈
exp 1ln 2
(
Li2
2n+1/2pcon
pcon−1 − Li2
21/2pcon
pcon−1
)
(1− pcon)n , (E11)
Using this together with L/L0 = 2
n
we obtain (36). It
an be veried numerially that (E11) is in fat a very
good approximation in our range of interest. Fig. 12
shows a plot of the relative error as a funtion of n and
pcon. For n ≤ 45 the relative error never exeeds 3% for
any value of pcon.
For non-ounting detetors, a similar derivation an be
arried out with the reursion ηn modied slightly sine
events where two photons reah the same detetor are
now aepted as suessful onnetions.
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